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Summary: 
In this work, we focus on one of the most important problems in cartography 
applications, which is the point location (or polygon inclusion) problem. This 
problem is stated as follows: 

Assume that we have a polygon R and a query point P. We want to find out if 
the point P lies inside or outside the polygon R. 

Its solution depends on the shape of polygons and it can be easily solved for 
convex and star-shaped polygons. In the general case, the polygon should be 
split into smaller convex polygons and the problem is transformed into the 
problem ofpoint location in aplanar subdivision. 
The different algorithms, presented in international literature for the efficient 
solution of this problem are examined and compared. More precisely, we 
present the solution of Lee and Preparata, referred to the literature, as the 
nzethod of separating chains, as well as an invariant of this method, firstly 
introduced by Edelsbrunner, Guibas and Stolfi. The two methods will be 
presented in contrast to the method derived from the quadtrees of Samet and 
Webber. Moreover, our work is going to focus mainly on the method of Sarnak 
and Tarjan, which was based on the theory of persistence. 

Introduction 
One of the most important problems in cartography applications is the polygon 
inclusion problem. This problem is stated as follows: 

Assume that we have a polygon R and a query point P. We want to find out if 
the point P lies inside or outside the polygon R. 

Its solution depends on the shape of polygons and it can be easily solved for 
convex and star-shaped polygons. In the general case, the polygon should be 
split into smaller convex polygons and the problem is transformed into the 
problem ofpoint location in aplanar subdivision. 
Different algorithms have been presented in international literature for the 
efficient solution of this problem. In our paper we will present the different 
available solutions. More precisely, we will present the solution of Lee and 
Preparata, referred to the literature, as the method of separating chains. An 
invariant of this method is also going to be analysed in our work; this method 
was firstly introduced by Edelsbrunner, Guibas and Stolfi. The two methods 
will be presented in contrast to the method derived from the quadtrees of Samet 
and Webber. Moreover, our work is going to be focused mainly on the method 
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of Sarnak and Tarjan. We implemented this method and the results of this 
implementation are going to be presented as the conclusion of our paper. 
The importance of this work can be seen from the following fact. Assume that 
we have n line segments that divide the plane into different regions. It has been 
proved that the lower bound for the time to answer the point location in a planar 
subdivision is O(logn). One of the issues that has been raised during the last 
decade was whether or not, there was a method that would use only O(n) space 
(that is the optimal space bound since we have to store n line segments) to 
answer the same query. The solution to this question is the method that we 
implemented. The algorithm consumes O(1) amortised space and the whole 
space requirements are bounded by O(n). 

The Point Location Problem 
One of the common problems met in various applications is that of searching for 
an object in a set of data. In this work we will focus mainly in a specific category 
of search queries, known as geometric seurch. There are two major kinds of 
geometric search queries, namely: 

Queries that are only met once and therefore a pre-processing of the data is 
very expensive. These queries are known single-shot queries. In this category 
belongs for example the searching in a set of data, for those elements that 
satisfy a specific property. 
Queries that are quite usual and are met repetitively and are known as 
repetitive mode queries. 

In the point location problems belong several queries even of the single-shot or 
repetitive mode categories. We will mainly focus on problems of the second 
category and more precisely on problems of the two-dimensional space. 
A quite simple and know problem is that of deciding if a point lies inside or 
outside a given polygon R. This is known as point inclusion problem (for more 
details see [Preparata Shamos]. Its solution depends on the kind of the polygon 
and is very simple for convex and star-shaped polygons. But in the case of 
general polygons, a subdivision of the polygon into smaller convex polygons, in 
order to transform the problem into that of point location in planar subdivision. 
This is a very important problem of computational geometry with many 
applications in graphics. An implementation of this problem was implemented 
within the scope of this work. Next in this work, we will refer to various 
algorithms that have been developed for its solution. 

Definitions 
Interval is a ctcontinuous~) part of a line. 
A division of a plane is called monotone, when it cuts any line parallel to the 
y-axis into single interval (if they meet). 
Subdivision of a plane is called a division of the plane into a finite number of 
different regions (polygons) with a finite number of edges (and vertices). 
A subdivision is called monotone if all the defined regions are monotone. 
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A separator S for a division of the plane into regions, is a line s consisting of 
vertices and edges of S and moreover it satisfies the property that any vertical 
line crosses s in only one point. 

The Solution of Lee & Preparata 
The algorithm presented by Lee and Preparata uses two levels of binary search. 

The first (internal loop of the algorithm) handles the separator S, as a linear 
array of the vertices it is consisted of (sorted according to the x-dimension) 
and it finds -using binary search- the edge, the projection of which on the 
x-axis contains the projection of the point on the same axis. 
The external loop executes binary search according to i. The purpose is to 
place the point among two successive separators. This is achieved by 
examining the position of the point according to the side found by thc 
internal loop. 

If i, j are pointers leading us to the interval of the separators that are defined by 
each execution of the external loop, then the updates are performed according to 
the position of the point with reference to the vertex: 

if it is above the vertex, then i=a; 
if it is below the vertex, then j=b;  
if it lies on the vertex, then stop. 

The separator S, is the middle of Si and Sj. If we assume a complete tree having 
as internal nodes the separators, then the next figure represents the $'ow chart 
for the external loop. 

Figure A Flow chart for the Algorithm of Lee and Preparata 

The Algorithm 
Since the algorithm executes the binary search twice, it requires 
0(lognlogm)=O(log2n) time where n is the number of the edges. If for each 
separator we store all of its edges, then we need 0(mn)=0(n2) space. 
Anyway, we can update the i and j in a way that we only handle the separator 
containing an edge e once. Therefore we store each edge only once. As a result 
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of this, the space consumed by this method is linear and each separator is 
represented by a list containing edges and gaps, which is called chain. 
The algorithm of Lee and Preparata follows: 

1 set  i=O, j = n - I ,  k=lca(O, n-1)  
( l c a ( i ,  j )  i s  the  Least comnon ancestor of  i, ,, 

2 while i < j ,  do 
3 i f  i<k<=j  then 

4 f i n d  (by b inary  search) an edge e i s  SCk) 
Let a = index(above(e)), b = index(below(e)) 

5 i f  p i s  on e, set  loc=e and terminate 
6 i f  p i s  above e then set  i=a; e lse  set  j=b. 
e l se  
8 i f  k > j  se t  k= l (k ) ;  e l se  ( i f  k<= i )  set  k=r (k)  
set  Loc=RCi) and terminate 

The Solution of Edelsbrunner, Guibas, Stolfi 
This algorithm is based on the previous one and it reduces the time required for 
the point location to O(logn). 
The previous method required more time, since in each chain we were trying to 
locate on which projection of the edge was contained the x-coordinate of the 
point. We could reduce the time if we could use in next searches the 
information -for the position of the projection of a point on the x-axis-, gained 
by a previous search. This information can be used in order to identify in the 
next chain -in only O(1) time- the edge or the gap, the projection of which on 
the x-axis contains the projection of the point. In this way, the time is reduced to 
O(1ogn). 
The main idea of this technique is to convert the chains in a way that if we find 
an edge in a chain, then we can to the same in another chain with only one more 
effort. This idea leads to the conversion of a chain c, to a list L,, which contains 
x-values defining the x-intervals. Such of these intervals covers partially only 
one edge or gap in the chain c, or at most two intervals in the lists L,(,,, L,(,,. 
Edelsbrunner, Guibas and Stolfi in [3] proved that this fact concludes to a 
method that requires linear space. 
All these lists create a structure that is known as layered dag. Each list consists 
of three different kinds of nodes: 

x-tests; 
edge tests; 
gap tests. 

For more details the reader can refer to [3] .  

The Solution of Samet-Webber 
This solution is based on the use of quadtrees, which use the ((divide and 
conquer)) method and are useful for the representation of two dimensional data. 
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A category of the quadtrees known as polygon map quadtrees (PM quadtrees) 
has been suggested by Samet and Webber for storing maps. They also suggested 
some criteria for the division of the space and the creation of the quadtree. 
The solution of the point location problem using these trees requires maximum 
time equal to the maximum time required for searching in quadtrees for a leaf, 
plus the maximum time for searching in one or more binary trees inside the leaf. 
It is therefore equal to the sum of the depth of the quadtree and the depth of the 
binary trees used to organise the contents of the nodes (which is O(logV), where 
V is the number of the vertices of the map). 
In general, we can say that in order to find the region in which a point lies, we 
should find the nearest q-edge and then find whether the point lies to the right or 
to the left of the side. 

The Solution of Sarnak & Tarjan 
In this section we will present our approach to the method presented by Sarnak 
and Tarjan for solving the point location problem. This method is based on the 
use of BB-trees which are enhanced with elements derived from the theory of 
persistence. Since this method is very complicated and due to space limitations, 
we will not present the method here. For details, the reader is advised to refer to 
P I .  

Pre-processinq of a map - Organisation of the data 
In order to be able to store the data in structure, in a way that will allow any 
point location query to be answered in logarithmic time, we need to organise 
properly our data. 
With no loss of generality, we assume that the map is given as a set of n 
intervals. Each interval is identified by the co-ordinates of its start and end 
points (x,,,,, j,,,,), (x,,~, yend). Each of these points is a vertex of the map, and 
even alone or together with other vertices of the map that belong to the same 
vertical line, identify the beginning of a stripe. 
In the beginning, we insert the data in a double connected edge list. This 
structures offers us the ability to sort the intervals in the following way: 

in the beginning we sort them according to their start co-ordinate x,,,,; 
next we sort the intervals with the same x,,,, according to their y,,,, value; 
finally, we sort the intervals that have a common starting point according to 
their incline 1, in reverse clockwise direction. 

Furthermore, we also make the following sorts: 
we sort the intervals according to their x,,, value; 
we sort the intervals with the same x,,, value according to their ye,, value; 
we sort the intervals with the same end point, according to their Ce13oq 1, 
clockwise. 
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These different sorts are useful when we need to define all the open and closed 
crooked line of the map. The closed lines are polygons, while the open lines are 
called polylines. 
The procedure of organizing the data when using optimal sorting, requires 
O(1ogn) worst case time and the double linked list requires O(n) memory space. 

The Solution to the Point Location Problem 
As soon as we complete the pre-processing of a map, we are ready to answer any 
pint  location query. 
The answers to point location queries are based on the use of a simple algorithm, 
which is actually a ((special search)) on the persistent tree. 
Using as a basis what we have already mentioned, we can handle the point 
lscation problem as a sequence of two procedures: 

given a point p of a map, find the stripe in which it belongs; 
next, find the x-structure for this stripe and search it in order to locate the 
nearest interval, which lies below p. 

The first part of the query can be answer in O(1ogn) worst case time. The second 
is actually a search procedure in a BB-tree, which also requires a few additional 
cemparisons in each node, therefore it is also executed in O(1ogn) worst case 
time. Consequently, the point location problem can be answer in O(logn) worst 
case time, in total. 
The algorithm used for this problem returns as an answer, the nearest interval e 
lying below the given point p. This interval e identifies a polygon, or a polyline, 
which contains p. 

Cemparison of the methods 
As part of this work, we implemented all the solutions described previously. The 
last method of Sarnak and Tarjan was the one that had the best performance. 
This was expected, since this particular structure has the best theoretical results. 
What we should mention here is that for this structure we used two different 
implementation methods, one for each theoretical implementation of the 
persistent trees (these methods are described in details in [2] and [8]), namely: 

the limited node copying method, and 
the path copying method. 

The first method has better performance with regard to memory space usage, 
since it requires O(n) space, while the second one requires O(n1ogn) memory 
space. 
In rur experiments we used an input file of 10 1 1 intervals. The results of the two 
methods are shown in the next table: 

Storage size (in bytes) 
14120 
45832 

Implementation method 
Limited node copying 
Path copying 

Number of tree nodes 
3530 
11458 
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As a conclusion, we can say that the limited node copying method requires 
69.19% less storage. 
Anyway, we should admit that this method is not as versatile as the path copying 
method. As an example, we can mention that the path copying method allows us 
to update even old version of the tree (and not only the most recent), assuming 
that this update will create a new version of the tree, independent from the 
previous ones. This property of the method is the reason for the increased space 
and time requirements. 
The final conclusion, is that each method has its own advantages and 
disadvantages and the final selection of the method to be used in a specific 
problem depends mainly on the nature of the problem. 

Conclusion 
In this work we presented a very well known problem of computational 
geometry and subsequently of cartography applications: the point location 
problem. 
We also presented the most famous solutions to this problem, along with their 
advantages and drawbacks. Finally, we implemented the best solution presented 
in international literature: this of Sarnak and Tarjan. For the implementation we 
used two different methods for the representation of the tree and the two 
methods were compared, according to the implementation results for specific 
input tiles. 
Our future work emphasises mainly in the improvement of the implementation 
methods, in order to improve the overall structure performance. 
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