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Abslract 
Is Computational Geometry a tool for GIs  technology? The answer to this 
question is presented in this paper. We will present the efficient solutions for 
four intersection problems, that computational geometry can handle, in order to 
provide to GIs  practice the state-of-the-art in the intersection of segments. More 
precisely, we are going to present. using a pseudo language description also, the 
results for the k nearest line segments below a query point p problem, the case 
of the intersections of n line segments with an infinite line and a vertical line 
segment. Finally. the solution for the intersection of n line segments with an 
arbitrary line segment will be described. 

Introduction 
During the last decades, GIs  technology has focused on the efficient handling 
of spatial objects. While G I s  applications have considerably improved, there 
still exist efficiently problems, especially when their computation speed and 
memory storage usage is concerned. This is due to the lack of efficient 
algorithms and data structures, which can support the G I s  core systems. 
Computational geometry has already presented efficient results for most of the 
problems, that are common to GIs  practice. 
Computational geometry has been working with problems in the 2-dimensional 
space for the last twenty years. Every solution is focusing into the subject from 
a theoretical background. G I s  works with the actual problems that need 
efficient solutions. The results of computational geometry could apply in this 
area. 
In this paper, we are going to present some algorithms that were developed for 
the efficient handling of special problems of GIs.  Our main focus is on the 
solutions for various versions of the intersection problem, applicable in 
applications like the urban planning applications. These algorithms will be 
presented in pseudo-language. so that they can be easily implemented into any 
programming language. 
This paper is organized as follows; Section 2 presents the efficient solution for 
the k nearest line segments below a query point p. The problem of the 
intersections of n line segments with an infinite line is tackled in section 3. 
Section 4 works with the intersection of n line segments with a vertical line 
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segment. The last section focuses in the intersection of n line segments with an 
arbitrary line segment. 

The k nearest line segments below a query point p problem 
In this section, we will present an efficient solution to a problem, known as the 
k-nearest line segments below a query point p .  This problem is stated as 
follows: 

"Given a set S of n line segments onto a plane xy and a point p on the same 
plane, report the k-nearest line segments to that query point p." 

'l'his problem is an extension of the point location problem, from one to k 

successive line segments. 
To solve this problem. we locate first of all the first line segment below p. Let e 
be the node that contains this line segment; the time needed to locate e is 
O(logn+k) in the worst case. We continue as described in the algorithm given 
below, and in time O(k) we collect the remaining k-1 successive line segments, 
below the line segments of the node e. The algorithm. we use, is given below in 
pseudo-language: 

Procedure k-nearest-neighbor (p )  
beg in  

e <-  p o i n t - l o c a t i o n  (p);  
e l  <-  e; 
count < -  0; 
w h i l e  (count < k -1 )  do; 
beg in  

i f  ( l c h i l d  (e )  i s  an i n t e r n a l  node) then 
beg i n 

e <-  l c h i l d  (e l ;  
w h i l e  ( l c h i l d  (e )  i s  an i n t e r n a l  node) do 
beg in  

e < -  r c h i l d  (e); 
endwh i Le 
count++; 
output  (e l ;  

e l s e  
w h i l e  ( e  has been v i s i t e d  and pa ren t (e )  < e l )  do 
beg in  

e <-  parent (e) ;  
endwh i l e 
output  (e); 
count++; 

endi  f 
endwh i 1 e 

end I lk-nearest-neighbor" 

This algorithm traverses the BB-tree, with a reverse symmetrical order, starting 
from node e. In this way, it locates and returns the k nodes, which contain the 
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successive line segments below point p. In order to understand better the 
algorithm, we must notice that in the classical binary tree, if we move from a 
node e to its left child and then we walk right, till we find a node I that has a 
right child, then 1 has the next smaller value of node e. 

As a conclusion, we can say that this algorithm locates the k line segments in 
O(logn+k) time, consuming O(n) space with a required O(nlogn) preprocessing 
time. 

The intersection of n line segments with a vertical infinite line 
In this section, we are going to present the solution to the problem of the 
intersection of n line segments with a vertical infinite line. which is stated as 
follows: 

"Assuming a set S of n line segments onto a plane xy and an infinite line e, 
parallel to they axis, report all the line segments that intersect with the given 

query line e." 

The solution of this problem is quite simple, if we have in mind that every 
vertical line is parallel to the boundaries of the stripes, in which the set S of line 
segments is divided. Assume that the x- coordinate of the vertical line e, lies in 
the j stripe of S; then e intersects all the line segments that go through the j 
stripe of S, namely, those that are stored in the BB-tree, which represents the 
state of the specific stripe. Thus, a traversal of all the nodes of the tree gives the 
answer to the problem. 

The time required to find the stripe, in which belongs the vertical line e is 
O(1ogn) and the time required to step through the tree that represents the state of 
the specific stripe is O(n). Therefore. the problem can be solved in O(n) time 
and space and O(nlogn) preprocessing time. 

If we have the special case when the vertical line coincides with the boundary 
line between two neighboring stripes, then e intersects the line segments that 
belong in one of the two stripes and the stripes are detected in O(logn) time and 
the answer is given in O(n) time. 

The intersection of n line segments with a vertical line segment 
In this section we consider an invariant of the previous problem, with the 
difference that in this case the line segment is vertical. This problem is more 
difficult than the previous one, since more conditions should be applied to the 
query object. The formal definition of the problem follows: 
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"Assume a set S of n line segments onto a plane xy and a line segment e, with 
coordinates ((xI ,yl),(xZ,yfl. Report all line segments that intersect with the 

query line segment e, assuming that yl<y2 1> 

In order to solve this problem, we should step through the BB-tree that 
corresponds to the stripe that contains the e line segment. First of all, we should 
locate this stripe using binary search: this requires O(1ogn) time. Let T be the 
BB-tree that contains all the line segments that penetrate the specific stripe. In 
the tree T, we must locate the node u whose line segment intersects e closer to 
the lower end (xi ,yl) Next, we must traverse T, with symmetrical arrangement, 

starting from the right child of node u. We will stop as soon as we locate a node 
that contains the line segment that intersects e. 
More precisely. the search is performed as follows: For the root x of the tree T, 
we compute the y-coordinate of the line segment that corresponds to x, in the 
coordinate xl of x-axis, where the vertical line segment e is located. 

ify<yl , we replace x with its right child, if there is one and we continue. 

ify=yl we return x as the node that contains the line segment that intersects 

e closer to the lower end (xl ,yl). 

if y>yl , then: 

+ if the left child lx of x. has the ordinate y?yl we replace x with lx and we 

continue. 
+ if the left child lx of x, has the ordinate y<yl, we check if lx has right 

child and we continue until we find a node rlx, whose the line segment 
has y>y,,  and in this case we replace x with rlx and we continue. 

The above procedure continues until we locate the node u, which contains the 
line segment that intersects e closer to the lower end (xl ,yJ. After that, we 

symmetrically walk through T as follows: in every node i that we are going to 
visit, we compute the next coordinate that we are going to visit, we compute the 
coordinate y of the line segment that corresponds to i. in the coordinate x i  of x- 

axis and we proceed depending on the value ofy,  as follows: 
if y is smaller than y2 . where y2 is the higher point of e, we proceed. 

if y is equal to y 2 ,  we visit node i and terminate. 

ify is grater than y2 ,we terminate before we visit any node. 

The algorithm is given below in pseudo-language: 



83 
Geographical Information 10s Press 
OThird Joint European Conference & Exhibition on Geographical Information, Vienna, Austria 1997 

Procedure ve r t i ca l - segmen t - i n te rsec t i on  (e )  
e: ( x i ,  YI), ( x i ,  ~ 2 ) )  

begin 
x  <- head ( T ) ;  
whi le ( x  i s  an i n t e r n a l  node) do 
begin 

y  <-  o r d i n a t e  (x ,x l ) ;  
if (y<y l  and r c h i l d ( x )  i s  an i n t e r n a l  node) t hen  

x  <-  r c h i l d ( x 1 ;  
i f  ( y = y l )  then 

break-while-loop; 
i f  ( y > y l )  then 
beg i n 

y y  < -  o r d i n a t e  ( L c h i l d ( x ) ,  x i ) ;  

i f  ( y y 2 y l )  then 
x  <-  Lch i l d ( x ) ;  

e l s e  
beg i n 

xx <-  l c h i l d ( x ) ;  
w h i l e  ( yy<y l )  do 
beg in  

xx <-  r c h i l d  (xx);  
yy  < - o r d i n a t e  (xx,  x i :  

endwhi l e  
x<-  xx; 
endi  f 

endi f 
endwhi l e  

y  <-ordinate(x,  x i  ); 
while (y<y2) do 
begin 

output(x) ;  
x  i- next-node (T,x) /* T i s  t h e  t ree* /  
y  <- o r d i n a t e  (x,  x i ) ;  

endwh i 1 e  
i f  (y=y2) then 

output(x) ;  
end "ver t ica l -segment - in tersect ion"  

The procedure ordinate(x, x,) computes the coordinate y of the line segment of 

node x, in the position x ,  of x-axis. The procedure next-node(T, x) returns the 
next node of x during the symmetrical walk trough the tree. Finally, the 
procedure output(x), returns the answer of the problem, that is a line segment 
that intersects with e. 

As a result, the answer is reported in O(logn+k) time, where k is the number of 
the line segments belonging to the answer, using O(nlogn) preprocessing time 
and O(n) space. 
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The intersection of line segments with an arbitrary line 
segment 
Finally, we consider the general problem of reporting the set of line segments 
that intersect with an arbitrary line segment e, which is the following: 

"Assume a set S of n line segments onto a plane xy and an arbitrary line segment 
e, with coordinates ((xi ,yI),(x2yJ).  Report all line segments that intersect with 

the query line segment e, assuming that yl>y2" 

First of all, we locate the k stripes that e intersects. Due to the fact that these 
stripes are neighboring, we must locate the marginal stripes i and i+k-1. This 
can be achieved in O(1ogn) time. Next, we locate in the corresponding trees of 
the k stripes the line segments, that intersect with e. The searching in the trees 
that correspond to the k-2 internal stripes can be performed in the same way, 
while there are some differences in the case of the marginal stripes. 
Let j be an internal stripe and the line segment e intersects the boundaries of the 
specific stripe in the points with coordinates (x,, y) and (xi+!, yj+,), where x, is 

J 
the start of the stripe and x the end. As yl>y, it is obvious that yj>yj+/, that is 

J + /  
the line segment e intersects the stripe,] (figure I ) .  For any line segment of the 
stripe j, let yss be its ordinate in the point x, of x-axis and yes its ordinate in the 

point x,,,. 

X l + l  Stripe j 
4 b 

Figure I :  The intersection of the line segment e with the stripe j 

Since in every stripe there are no intersecting line segments, then e will intersect 
with one of the following two categories of line segments: 

line segments with y,,<y, and y,,>y,+,; or, 
line segments with y,gy, and y,,<y,+,. 
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Within a stripe, the existence of both of the above categories of line segments is 
impossible, since they intersect with each other. In the following paragraphs, we 
will describe the solution of the problem, assuming that e intersects with the 
first category of line segments. The solution is similar for the second case. 
In the tree T, which corresponds to the j stripe, we search for the node x which 
represents the line segment, that intersects with e nearest to the point (xi+] , 

y ); this is the lowest point of the intersection between e and stripe j. kfter 
I + /  

that we carry out a symmetrical traversal of T, until we reach the node that 
represents this line segment. which intersects with e nearest to the point (x , yi); 

I . . 
this is the highest point of the intersection between e and stripe j. 
More precisely, in every Tj's node x, we compute the ordinates yss and yes of the 

line segment that is included in x. 

if yss>yi and Yes>Y,+I , we replace x with its left child -if there exists one- 
and we continue. " 

if l',,<.Y1 and YeS<Y,+, , we replace x with its right child -if there exists one- 
and wecontinue. 
ifyss<yJ and yeS>yjtl , we continue to the left until we reach a node lu, that 

includes a line segment, so that yss<y. and yes<y. . After that, we continue 
J / + I  

to the right until we reach a node rlx, that includes a line segment, so that 

Yss<Yj and Yes>Y,+ I , Then, we replace x with r lx and continue with the same 
procedure. . ifyes=y,+/ we return the node x. 

When this procedure terminates, the node that was more recently marked as x, 
will include the line segment of the stripe j , that intersects e nearest to the point 

, y I ;  this is the lowest point of the intersection between e and stripe j. ,+I 
After that we walk through symmetrically the tree T and we return all the nodes 

J 
that we pass, starting from right child of x. The traversal is done as follows. 
before we visit a node, we compute yss for its line segment. Next: 

ifyss is smaller than y , then we continue. 
J 

ifyss is equal t o y  , then we visit the next node and terminate. 
I 

if yss is greater than y , then we terminate before we visit any node. 
J 

The above procedure is repeated for each one of the k-2 internal stripes that 
intersect with the line segment e. For the first stripe i, we use the same 
algorithm, with the difference that in every node of the tree Ti ,  y,, represents the 

ordinate of the nodes line segment in position xl -the starting point of e- and yi  

is equal toy, .  For the last stripe I+k-1, we also use the same algorithm with the 
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difference that in every node of the tree , ye~epresen t s  the ordinate of the 

nodes line segment in position x, -the ending point of e- and is equal 

to Y ,. 

As a result, the m line segments that belong to the answer can be found in 
O(klogn+m) time, using O(logn) memory storage space and requiring O(nlogn) 
preprocessing time. 

Conclusions 
The results of this paper present new developments in the computational 
geometry that have been proved to be the most efficient in the sector. These 
solutions can help GIS developers in achieving efficient computational time and 
space requirements reduction. The segment intersections problems are only a 
piece of problems that need more efficient solutions in CIS practice. The 
algorithms that we have presented are easy to implement and can be plugged-in 
any current GIs  software that works with intersection. 
Solutions of different other problems can be also integrated in current solutions 
that have been implemented from CIS developers. Computational geometry can 
help in this subject. Although these solutions start from a theoretical 
background, they can be easily implemented and achieve efficient handling of 
computational resources, since they handle every case that may occur in 
practice. 
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